A bounded linear operator T on a Hilbert space H is said to be p-hyponormal for p > 0 if (T* T) p > (TT*)P, and T is said to be log-hyponormal if T is invertible and log T*T > log TT*. Firstly, we shall show the following extension of our previous result: If T is p- we shall discuss the best possibilities of the following parallel result for log-hponormal operators by Yamazaki: If T is log-hyponormal, then (T n,T n)/n >... > COP,OLLARY E [12] Let Tbe a log-hyponormal operator. Then log(Tn*Tn) 1/n >_ log T'T>_ log TT* >_ log(TnTn*) 1/n hold, that is, T" is also log-hyponormal for allpositive integer n.
( 1.7) (1.8)
We remark that Corollary E is more general than the following result by Aluthge and Wang [1] "If T is log-hyponormal, then T2"is log-hyponormal for any positive integer n."
In this paper, we shall show Theorem stated below which is an extension of both Theorem B and Theorem C. We shall also discuss the best possibilities of Theorem D and Corollary E. We remark that Theorem F yields L6wner-Heinz theorem when we put r 0 in (i) or (ii) stated above. Alternative proofs of Theorem F are given in [3, 10] and also an elementary one-page proof in [6] . It is shown in [11] that the domain drawn for p, q and r in Fig. is lI/2pAs .ol/2p The last inequality holds since we assume that (2.5) holds for n k-1. Hence (2.5) also holds for n-k, so that it is proved that (2.5) holds for all positive integer n.
AN EXTENSION OF BOTH THEOREM B AND THEOREM
Consequently, the proof of (2.1) is complete by combining (i) and (ii).
Proof of ( The last inequality holds since we assume that (2.8) holds for n--k-1. Hence (2.8) also holds for n k, so that it is proved that (2.8) holds for all positive integer n.
Consequently, the proof of (2.2) is complete by combining (i) and (ii).
BEST POSSIBILITIES OF THEOREM D AND COROLLARY E
The following Theorem 2 asserts the best possibility of Theorem D.
THEOREM 2 Let n >_ 2 and > 1. The thefollowing hold:
(i) there exists a log-hyponormal operator T such that (Tn*Tn)/n (T'T) .
(ii) there exists a log-hyponormal operator T such that (TT*)_ (TnTn*)dn.
We remark that A > B for 6 > 0 approaches log A > log B as 6 +0
for positive invertible operators A and B. In this sense, the following Theorem 3 asserts the best possibilities of all the inequalities of (1.8) in Corollary E. 
